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ah4 ≈
1
6
al4 ≈ ah4 · 2−64
a5 ≈ 124
a6 ≈ 1120
a7 ≈ 1720
h =
1
2

 x   	
   	  x ∈ [− ln 2215 ; ln 2215 ] 

 p(x)   


p(x) = x + h · x2 + x3 · ((ah4 + al4) + (a5 + (a6 + a7 · x) · x) · x)
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 ph
 pl  
ph + pl = p(x) + ∆

  |∆| < 2−124  ph   	
  	   p(x)
  |pl| < |ph| · 2−64
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∃x.|rl| = |ll| · |k| > 2−81 · 225 = 2−56
(   	
 	
   x ∈ [−2−30;2−30]  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|∆| < 2−141
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 "  #  $ z1 ← 〈a7 · x + a6〉
 
 "  "  ! z2 ← 〈z1 · x + a5〉
 
 "  "   
 
 "  "  " zh3 + zl3 ←   (z2, x)
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  "    " 
 	 "!  "  
 	 "$  "  "! z4 + z6 ←  	
(
ah4 , z
h
3
)
  "#  " "$ z7 ← zl3 ⊕ z6
  "%   "# z8 ← al4 ⊕ z7
  "  " "%
 	 "  "  "
 	 "  "% " zh9 + z
l
9 ←  	 (z4, z8)
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 "     
 
 "    " zh11 + z
l
11 ←   (x, x)
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 "  "    
 
 "  "   " z12 + z13 ←  
(
zh11, x
)
 
 "  "  " z14 ←
〈
zl11 · x + z13
〉
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 	 "!  " "$ zh15 + z
l
15 ←  	 (z12, z14)
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 "#  "  "!   
 
 "%  "  "!  "# z17 + z18 ←  
(
zh9 , z
h
15
)
 
 "  " "!  "% z19 ←
〈
zl9 · zh15 + z18
〉
 
 "  "  "! " z20 ←
〈
zh9 · zl15 + z19
〉
  "  "# "
 	 "  "  "#
 	 "  " " zh21 + z
l
21 ←  	 (z17, z20)
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 
 "  "     
 
 "  "    " z23 + z24 ←  
(
zh11, h
)
 
 "!  "   " z25 ←
〈
zl11 · h + z24
〉
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 	 "$  "! "# zh26 + zl26 ←  	 (z23, z25)
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 	 "  "% "$ 
 	 "  "  " z28 + z30 ←  	
(
zh26, z
h
21
)
  "  " " z31 ← zl21 ⊕ z30
  "  "$ " z32 ← zl26 ⊕ z31
  "  "% "
 	 "  "  "%
 	 "  " " zh33 + z
l
33 ←  	 (z28, z32)
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 	 "#  "  "$ z35 + z37 ←  	
(
zh33, x
)
  "%  " "# z38 ← zl33 ⊕ z37
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 	 &  "% " ph + pl ←  	 (z35, z38)
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 zh3  z
l
3  
zh3 + z
l
3 = (a5 + (a6 + a7x) x) x + ∆1

  |∆1| < 2−82   zh3   	
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zh3 + z
l
3 = x · ((a7x + a6) (1 + ε1) + a5) · (1 + ε2)
= . . .
= (a5 + (a6 + a7x)x) x + ∆1
 
∆1 = a7x3ε1 + a6x2ε1 + a5xε2 + a7x3ε2 + a6x2ε2 + a7x3ε1ε2 + a6x2ε1ε2
  |ε1| < 2−64  |ε2| < 2−64 D
|∆1| = |a7x3ε1|+ |a6x2ε1|+ |a5xε2|+ |a7x3ε2|+ |a6x2ε2|+ |a7x3ε1ε2|+ |a6x2ε1ε2|
(,   	
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
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|a7x3ε1| < 1720 · 2
−46 · 2−64 < 2−109
|a6x2ε1| < 2−101
|a5xε2| < 2−83
|a7x3ε2| < 2−109
|a6x2ε2| < 2−101
|a7x3ε1ε2 < 2−160
|a6x2ε1ε2| < 2−150
  
|∆1| < 2−109 + 2−101 + 2−83 + 2−109 + 2−101 + 2−160 + 2−150 < 2−82
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zh9 + z
l
9 =
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ah4 + a
l
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)
+
(
zh3 + z
l
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+ ∆2
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|ah4 | ≈
1
6
|zh3 | ≈ |a5x + δ|
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|z4| ≈ |ah4 + zh3 |
|z8| ≤ |al4 + zl3 +
(
ah4 + z
h
3
) · 2−64| < 3 · |ah4 + zh3 | · 2−64
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z4 + z6 = ah4 + z
h
3
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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  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
z4 + z8 =
((
ah4 + a
l
4
)
+
(
zh3 + z
l
3
))
+ ∆2
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z4 + z8 = z4 +
(
al4 +
(
zl3 + z6
)
(1 + ε1)
)
(1 + ε2)
= . . .
= z4 + z6 + al4 + z
l
3 + ∆2
= . . .
=
((
ah4 + a
l
4
)
+
(
zh3 + z
l
3
))
+ ∆2
  ∆2 
∆2 = zl3ε1 + z6ε1 + a
l
4ε2 + z
l
3ε2 + z6ε2 + z
l
3ε1ε2 + z6ε1ε2
% 
|zl3ε1| < 2−148
|z6ε1| < 2−132
|al4ε2| < 2−132
|zl3ε2| < 2−148
|z6ε2| < 2−132
|zl3ε1ε2| < 2−200
|z6ε1ε2| < 2−196

|∆2| < 2−131 + 2−147 + 2−196 + 2−200 < 2−130
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zh11 + z
l
11 = x
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 zh15  z
l
15  
zh15 + z
l
15 =
(
zh11 + z
l
11
) · x + ∆4
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  |∆4| < 2−173   zh15   	
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|z12| ≈ |zh11 · x|
(+   	
 	
|z14| ≤ |zl11 · x + zh11 · x · 2−64| ≈ |zh11 · x| · 2−63
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z12 + z13 = zh11 · x
     $
z12 + z14 = z12 +
(
zl11 · x + z13
)
(1 + ε1)
= . . .
=
(
zh11 + z
l
11
) · x + ∆4
  ∆4 
∆4 = zl11xε1 + z13ε1
  |ε1| < 2−64
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|zl11xε1| < 2−174
|z13ε1| < 2−174
     |∆4| < 2−173
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l
21 =
(
zh15 + z
l
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) · (zh9 + zl9) + ∆5
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|z17| ≈ |zh9 · zh15|
|z20| < |zh9 · zl15 + zl9 · zl15 + zh9 · zh15 · 2−64| ≤ |zh9 · zh15| · 2−63
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z17 + z18 = zh9 · zh15
   
z17 + z20 = z17 +
(
zh9 · zl15 +
(
zl9 · zh15 + z18
)
(1 + ε1)
)
(1 + ε2)
= . . .
= zh9 · zh15 + zh9 · zl15 + zl9 · zh15 +
zl9 · zl15 − zl9 · zl15 + zl9 · zh15 · ε1 +
z18 · ε1 + zh9 · zl15 · ε2 + zl9 · zh15 · ε2 +
z18 · ε2 + zl9 · zh15 · ε1ε2 + z18 · ε1ε2
=
(
zh15 + z
l
15
) · (zh9 + zl9) + ∆5
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  ∆5 
∆5 = −zl9zl15 + zl9zh15ε1 + z18ε1 + zh9 zl15ε2 + zl9zh15ε2 + z18ε2 + zl9zh15ε1ε2 + z18ε1ε2
  ε1 < 2−64  ε2 < 2−64
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| − zl9zl15| < 2−176
|zl9zh15ε1| < 2−244
|z18ε1| < 2−176
|zh9 zl15ε2| < 2−176
|zl9zh15ε2| < 2−176
|z18ε2| < 2−176
|zl9zh15ε1ε2| < 2−244
|z18ε1ε2| < 2−244
  $
|∆5| < 2−173
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zh26 + z
l
26 = h ·
(
zh11 + z
l
11
)
+ ∆6
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  |∆6| < 2−159   zh26   	
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7  6    .
% 
|z23| ≈
∣∣∣∣12 · zh11
∣∣∣∣
|z25| ≈
∣∣∣∣12 · zl11 +
1
2
· zh11 · 2−64
∣∣∣∣ < |zh11 · 2−64|
     
D   
z23 + z24 = h · zh11
  
z23 + z25 = z23 +
(
zl11 · h + z24
)
(1 + ε1)
= . . .
= h · (zh11 + zl11) + ∆6
   	
 	
  ∆6  ∆6 = h · zl11 · ε1 + z24 · ε1   ε1 < 2−64
L   ! 
|h · zl11 · ε1| < 2−160
|z24 · ε1| < 2−160
      
|∆6| < 2−159
#  !"*  	 	 

 ) .)   
 
 
	
  	
  	 zh33  z
l
33  
zh33 + z
l
33 =
((
zh26 + z
l
26
)
+
(
zh21 + z
l
21
))
+ ∆7

  |∆7| < 2−158   zh33   	
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 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 %   6 ! 
 .
|zh26| ≈ |h · x2| ≈
1
2
· x2
|zh21| ≈ |x3 · (a4 + (a5 + (a6 + a7x)x) x) |
   |zh26| > |zh21|)       
1
2
· x2 − ∣∣x3 · (a4 + (a5 + (a6 + a7x)x) x)∣∣
  $ $  x $     C    0  x = 0)
     
3$       	 /)      .
|z28| ≈ |zh26 + zh21|
|z32| ≈ |zl26 + zl21 +
(
zh26 + z
h
21
) · 2−64| < | (zh26 + zh21) · 2−63|
     6    /
7               '
%   z28 + z30 = zh26 + z
h
21  
z28 + z32 = z28 +
(
zl26 +
(
zl21 + z30
)
(1 + ε1)
)
(1 + ε2)
= . . .
=
((
zh26 + z
l
26
)
+
(
zh21 + z
l
21
))
+ ∆7
  ∆7 
∆7 = zl21ε1 + z30ε1 + z
l
26ε2 + z
l
21ε2 + z30ε2 + +z
l
21ε1ε2 + z30ε1ε2
  |ε1| < 2−64  |ε2| < 2−64 D    $     G
           $   .
|zl21ε1| < 2−177
  	
 

 
 
 
	 (
|z30ε1| < 2−160
|zl26ε2| < 2−160
|zl21ε2| < 2−177
|z30ε2| < 2−160
|zl21ε1ε2| < 2−241
|z30ε1ε2| < 2−224
   
|∆7| < 2−158
#  !"  	 


 )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   

	
  	
  	 ph  pl  
ph + pl =
((
zh33 + z
l
33
)
+ x
)
+ ∆8

  |∆8| < 2−142   ph   	
  	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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$ %     
   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.
%    6  |x| > |zh33|  
|zh33| ≈
∣∣∣∣12x2 + x3 · (a4 + (a5 + (a6 + a7x) x)x)
∣∣∣∣
D
x ∈
[
− ln 2
214
;
ln 2
214
]
⊂ ]−1; 1[
   6
3$       	 /)      
|z35| > |z38| % 
|z35| ≈ |zh33 + x|
|z38| ≈ |zl33 +
(
zh33 + x
) · 2−64| < |zh33 · 2−63|+ |x · 2−64|
     
7          
%  z35 + z37 = zh33 + x 

z35 + z38 = z35 +
(
zl33 + z37
)
(1 + ε1)
= . . .
=
((
zh33 + z
l
33
)
+ x
)
+ ∆8
  ∆8  ∆8 < zl33ε1 + z37ε1   ε1 < 2
−64
%  !  $   ) 
|zl33ε1| < 2−160
|z37ε1| < 2−143
 |∆8| < 2−142
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• 1         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  
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      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 )   
 ch/l  
(
ch + cl
)

• %    !  $     $ +  ·   
             
     ch/l@ $ c
h/l
1 ·ch/l2   (
ch1 + c
l
1
) · (ch2 + cl2)
• %    δ1) δ2) δ3  δ4         
 ah/l) a5) a6  a7     % ! .
|δ1| < 2−128
|δ2| < 2−64
|δ3| < 2−64
|δ4| < 2−64
%& >$       )   $  $ /
.
ph/l = x + zh/l33 + ∆8
= x + zh/l26 + z
h/l
21 + ∆7 + ∆8
= x + h · zh/l11 + zh/l15 · zh/l9 + ∆5 + ∆6 + ∆7 + ∆8
= x + h · (x2 + ∆3) + (zh/l11 · x + ∆4
)
·
((
a
h/l
4 + δ1
)
+ zh/l3 + ∆2
)
+
+∆5 + ∆6 + ∆7 + ∆8
= . . .
= x + h · x2 + (x3 + ∆3x + ∆5) (ah/l4 + δ1 + ((a5 + δ2) + ((a6 + δ3)
+ (a7 + δ4) · x) · x) · x + ∆1 + ∆2)
+∆5 + h ·∆3 + ∆6 + ∆7 + ∆8
1  )           $  
 F)  |∆3| = 0   $
ph/l = x + h · x2 +
+
(
x3 + ∆4
) ·
·
(
a
h/l
4 + δ1 + (a5 + δ2 + (a6 + δ3 + (a7 + δ4)x) x)x + ∆1 + ∆2
)
+
+ ∆5 + ∆6 + ∆7 + ∆8
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 	
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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D)    $  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   6  ∆9    
δ1) δ2) δ3  δ4 1 |x3| < 2−46) |x4| < 2−62) |x5| < 2−77  |x6| < 2−93  
  $     
|∆9| = |f (δ1, δ2, . . .) | < 2−46 · 2−128 + 2−62 · 2−64 + 2−77 · 2−64 + 2−93 · 2−64 + δ̂
  |δ̂| < 2−128

|∆9| < 2−125
>$  )   
ph/l = x + h · x2 + x3 ·
(
a
h/l
4 + (a5 + (a6 + a7x)x) x
)
+
+ x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9
= x + h · x2 + x3 ·
(
a
h/l
4 + (a5 + (a6 + a7x)x) x
)
+ ∆
  ∆ 
∆ = x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9
D)  $   G )  $.
|∆| < 2−124
%            
   x ∈ [−2−30; 2−30]   
|∆| < 2−141
F $          ∆9     
    $     %  
∆ = x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9
   $    x   
|x3| < 2−90) |x4| < 2−120) |x5| < 2−150  |x6| < 2−180

|∆9| < 2−180
   $   $ 6 $ 
|∆| < 2−90 · 2−82 + 2−90 · 2−130 + 2−173 · 2−82 +
+ 2−173 + 2−159 + 2−158 + 2−142 + 2−180
< 2−141
()  !"+    i1 ∈ {0, ..., 127}  i2 ∈ {0, ..., 127}   	 	
     
       
	 2
i1
27

 2
i1
214     	 	      " 	

 	 th1  t
l
1 0
 t
h
2  t
l
21    


 
   	
 	
• thj   	
   	   2
ij
2(j·7)
• |tlj | < |thj | · 2−64
• thj + tlj = 2
ij
2(j·7) + δj  |δj | < 2−128
  

 	 	 
	
  	
  
	 th  tl  
th + tl = 2
i1
27 · 2 i1214 + ∆
 |∆| < 2−123   th   	
  	   
 	

	 	 
 
        
 
        u1 + u2 ←  
(
th1 , t
h
2
)
 
       u3 ←
〈
th1 · tl2 + u2
〉
 
       u4 ←
〈
tl1 · th2 + u3
〉
     
 	 !    
 	    ! th + tl ←  	 (u1, u4)
%& %    6       / $ 
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   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   	
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
7    6        	 $ 
.
|u1| ≈ |th1 · th2 |
|u4| ≈ |tl1 · th2 + th1 · tl2 + th1 · th2 · 2−64|
< |tl1 · th2 |+ |th1 · tl2|+ |th1 · th2 · 2−64|
< . . .
< |th1 · th2 | · 2−63 < |th1 · th2 |
D     
)        u1 + u4
% !  u1 + u2 = th1 · th2 
D   $.
u1 + u4 = u1 +
(
tl1 · th2 +
(
th1 · tl2 + u2
)
(1 + ε1)
)
(1 + ε2)
= . . .
=
(
th1 + t
l
1
) · (th2 + tl2) + ∆1
  ∆1 
∆1 = th1 t
l
2ε1 + u2ε1 + t
l
1t
h
2ε2 + t
h
1 t
l
2ε2 + u2ε2 + t
h
1 t
l
2ε1ε2 + u2ε1ε2 − tl1tl2
  	
 

 
 
 
	 
  |ε1| < 2−64  |ε2| < 2−64 1    !)   .
|th1 tl2ε1| < 2−127
|u2ε1| < 2−127
|tl1th2ε2| < 2−127
|th1 tl2ε2| < 2−127
|u2ε2| < 2−127
|th1 tl2ε1ε2| < 2−191
|u2ε1ε2| < 2−191
|tl1tl2| < 2−127
 |∆1| < 2−124
  )    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   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 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   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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  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2
i1
27 · 2 i1214 + ∆2 =
(
2
i1
27 + δ1
)
·
(
2
i1
214 + δ2
)
= 2
i1
27 · 2 i1214 +
+ 2
i1
27 · δ2 + 2
i1
214 · δ1 + δ1δ2
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  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|2 i127 · δ2| < 2−127
|2 i1214 · δ1| < 2−127
|δ1δ2| < 2−256
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|∆2| < 2−125
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|∆| < 2−123
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  !",   ph  pl   	
   	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ph + pl ∈ [−2−15; 2−15]  pl ∈ [−2−79; 2−79]
  th  tl   	
  	   
th + tl ∈ [1; 2[  tl ∈ [−2−63; 2−63]
  xl   	
  	   xl ∈ [−2−79; 2−79]
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sh  sl  
sh + sl =
(
th + tl
) · (1 + (ph + pl)) · (1 + xl) + ∆
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vh1 + vl1 ←  
(
xl, th
)
        v2 ← tl ⊕ vl1
         
   	      
   	      vh3 + vl3 ←  	
(
th, vh1
)
    !    v15 ← vl3 ⊕ v2
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vh4 + v
l
4 ←  
(
ph, th
)
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
v5 ←
〈
xl · vh4 + vl4
〉
   
 $  &   ! v6 ←
〈
pl · th + v5
〉
   
 #   &  $ v7 ←
〈
tl · ph + v6
〉
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	 %     vh8 + vl8 ←  	
(
vh3 , v
h
4
)
      % # v9 ← vl8 ⊕ v7
       ! v13 ← v9 ⊕ v15
      %  
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	     sh + sl ←  	(vh8 , v13)
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• 7 01  01
|vh1 | ≈ |xl · th| < |th| · 2−79 < |th|
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• 7 01  01
|vh3 | > |th|
|vh4 | ≈ |ph · th| < |th| · 2−15 < |th| < |vh3 |
     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 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• 7 01  01
|vh8 | > |vh3 | > |th|
|v13| ≈ |v9 + v15|
≈ |vl8 + v7 + v15|
< |vh8 | · 2−64 + |v7|+ |v15|
≈ |vh3 + vh4 | · 2−64 + |tl · ph + v6|+ |vl3 + v2|
< |vh3 | · 2−64 + |vh4 | · 2−64 + |th · ph| · 2−64 + |v6|+ |vh3 | · 2−64 + |v2|
≈ . . .
< . . .
< |th| · 2−62 < |th| < |vh8 |
F       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• vh1 + vl1 = xl · th
• vh3 + vl3 = th + vh1
• vh4 + vl4 = ph · th
• vh8 + vl8 = vh3 + vh4
• sh + sl = vh8 + v13
       $ .
sh + sl = vh8 + v13
= vh8 + (v9 + v15) · (1 + ε1)
= vh8 +
((
vl8 + v7
) · (1 + ε2) + (vl3 + v2) · (1 + ε3)) (1 + ε1)
= . . .
= vh8 + v
l
8 + v7 + v2 + v
l
3 + ∆1
 
∆1 = vl8ε + v7ε2 + v
l
3ε3 + v2ε3 + v
l
8ε1 + v7ε1 + v
l
8ε1ε2 + v7ε1ε2 + v
l
3ε1 +
+ v2ε1 + vl3ε1ε3 + v2ε1ε3
+   	
 	

sh + sl = vh3 + v
h
4 + v7 + v2 + v
l
3 + ∆1
= th + vh1 + v
h
4 + v7 + v2 + ∆1
= th + vh1 + v
h
4 + v7 +
(
tl + vl1
)
(1 + ε4) + ∆1
= . . .
= th + tl + xl + th + vh4 + v7 + ∆2
 
∆2 = tlε4 + vl1ε4 + ∆1

sh + sl = th + tl + xlth + vh4 +
(
tlph + v6
) · (1 + ε5) + ∆2
= . . .
= th + tl + xlth + vh4 + t
lph + thpl + v5 + ∆3
 
∆3 = plthε6 + v5ε6 + tlphε5 + plthε5 + v5ε5 + plthε5ε6 + v5ε5ε6 + ∆2

sh + sl = th + tl + xlth + vh4 + t
lph + thpl +
(
xlvh4 + v
l
4
) · (1 + ε7) + ∆3
= . . .
= th + tl + xlth + thph + tlph + thpl + xlvh4 + ∆4
 
∆4 = xlvh4 ε7 + v
l
4ε7 + ∆3
D   
sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth (1 + ε8) + ∆4
= . . .
= th + tl + xlth + thph + tlph + thpl + xlphth + ∆5
 
∆5 = xlphthε8 + ∆4
D 6)
sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth + xlplth + xltl + tlpl +
+ tlxlph + tlxlpl − xlplth − xltl − tlpl − tlxlph − tlxlpl + ∆5
=
(
th + tl
) (
1 +
(
ph + pl
)) · (1 + xl) + ∆
 
∆ = −xlplth − xltl − tlpl − tlxlph − tlxlpl + ∆5
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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   )  εj  |εj | < 2−64 1      6 
.
|∆| < |xlplth|+ |xltl|+ |tlpl|+ |tlxlph|+
+ |tlxlpl|+ |xlphthε8|+ |xlvh4 ε7|+ |vl4ε7|+
+ |plthε6|+ |v5ε6|+ |tlphε5|+ |plthε5|+
+ |v5ε5|+ |plthε5ε6|+ |v5ε5ε6|+ |tlε4|+
+ |vl1ε4|+ |vl8ε2|+ |v7ε2|+ |vl3ε3|+
+ |v2ε3|+ |vl8ε1|+ |v7ε1|+ |vl8ε1ε2|+
+ |v7ε1ε2|+ |vl3ε1|+ |v2ε1|+ |vl3ε1ε3|+
+ |v2ε1ε3|
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|∆| < 2−157 + 2−142 + 2−142 + 2−157 + 2−221 + 2−157 + 2−157 +
+ 2−142 + 2−142 + 2−141 + 2−142 + +2−142 + 2−206 + 2−127 + 2−206 +
+ 2−126 + 2−140 + 2−126 + 2−126 + 2−126 + 2−140 + 2−190 +
+ 2−204 + 2−126 + 2−126 + 2−190 + 2−190
= 6 · 2−126 + 2−127 + . . . < 2−123
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 2M · (sh + sl) 
 
	  	
   	
  	  	  
  
   2
 	
   	  	  3	
   	 	  
	 	 
 
        sl2M ← sl ⊗ "(
 
 '       ← 〈sh · "( + sl2M 〉53
  &&&  *-       
    /   $   MM 0$  
0   !$      $ 1  
   $  0   6   
        $   $  
 $    D    !    0 
    sl2M    $ 
%&    6     sl2M 0 )  
          D       
  6
	   	
 	
%     6    0      
         sl2M 0     6
     )   .
|res| ≈ |sh · 2M + sl2M | > 2−1022
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  6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|sl2M | ≈ |sl · 2M | < |sh · 2M | · 2−64
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|sh · 2M |2−1021
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sh/l =
ex
2M
+ ∆
  ∆ 
|∆| < |∆ |+ |∆ |+ |∆ 	
|
  ∆  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  $    sh/l 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
|z18| ≈
∣∣∣∣x + 12 · x2 +
1
6
· x3
∣∣∣∣ > 2−52

|z29| <
∣∣∣∣2−61 ·
(
1
12
+
61
60
· x + 181
180
· x2 + 1
6
· x3
)∣∣∣∣ < 2−64
D |z18| > |z29| 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z1 + z9 = x2
z13 =
1
2
· z1
z14 =
1
2
· z9
z2 + z21 = ah4 · x
z3 + z8 = z2 · z1
z15 + z17 = x + z13
z18 + z20 = z15 + z3
ph + pl = z18 + z29
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ph + pl = x + h · x2 + x3 · (ah4 + al4) + a5 · x4 + a6 · x5 + a7 · x6 + ∆
  " 
         |x| < 2−53 "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∆ = z1z21ε12 + z1z10ε13 + z1al4xε14 + z2z9ε15 + a
h
4xz9ε16 − al4xz9 +
+ a7x6ε12 + a6x5ε12 + z5x5ε11 + a5x4ε11 + 2x4z6ε10 + x4z6ε210 +
+ z1z1z6ε9 + z4z6ε8 + z7ε7 + z12ε7 + z8ε6 + z11ε6 + z23ε5 + z24ε5 +
+ z14ε4 + z22ε4 + z25ε3 + z26ε3 + z17ε2 + z27ε2 + z28ε1 + z20ε1
  |εi| ≤ 2−64
F |x| < 2−15) ∣∣x2∣∣ < 2−30) ∣∣x3∣∣ < 2−45) ∣∣x4∣∣ < 2−60) ∣∣x5∣∣ < 2−75  ∣∣x6∣∣ <
2−90   $          $ )  |x| < 2−30)∣∣x2∣∣ < 2−60) ∣∣x3∣∣ < 2−90) ∣∣x4∣∣ < 2−120) ∣∣x5∣∣ < 2−150  ∣∣x6∣∣ < 2−180 
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|z1z21ε12| < 2−175
|z1z10ε13| < 2−175∣∣z1al4xε14∣∣ < 2−175
|z2z9ε15| < 2−175∣∣ah4xz9ε16∣∣ < 2−175∣∣al4xz9∣∣ < 2−175∣∣a7x6ε12∣∣ < 2−163∣∣a6x5ε12∣∣ < 2−145∣∣z5x5ε11∣∣ < 2−145∣∣a5x4ε11∣∣ < 2−128∣∣x4z6ε10∣∣ < 2−127∣∣x4z6ε210∣∣ < 2−192
|z1z1z6ε9| < 2−128
|z4z6ε8| < 2−128
|z7ε7| < 2−127
|z12ε7| < 2−175
|z8ε6 + z11| < 2−175
|z11ε6| < 2−175
|z23ε5| < 2−174
|z24ε5| < 2−126
|z14ε4| < 2−159
|z22ε4| < 2−175
|z25ε3| < 2−158
|z26ε3| < 2−125
|z17ε2| < 2−143
|z27ε2| < 2−124
|z28ε1| < 2−142
|z20ε1| < 2−141
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|∆| < 2−122
|z1z21ε12| < 2−220
|z1z10ε13| < 2−220∣∣z1al4xε14∣∣ < 2−220
|z2z9ε15| < 2−220∣∣ah4xz9ε16∣∣ < 2−220∣∣al4xz9∣∣ < 2−220∣∣a7x6ε12∣∣ < 2−253∣∣a6x5ε12∣∣ < 2−210∣∣z5x5ε11∣∣ < 2−210∣∣a5x4ε11∣∣ < 2−188∣∣x4z6ε10∣∣ < 2−187∣∣x4z6ε210∣∣ < 2−252
|z1z1z6ε9| < 2−188
|z4z6ε8| < 2−188
|z7ε7| < 2−187
|z12ε7| < 2−220
|z8ε6 + z11| < 2−220
|z11ε6| < 2−220
|z23ε5| < 2−219
|z24ε5| < 2−188
|z14ε4| < 2−189
|z22ε4| < 2−220
|z25ε3| < 2−188
|z26ε3| < 2−185
|z17ε2| < 2−158
|z27ε2| < 2−184
|z28ε1| < 2−157
|z20ε1| < 2−156
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|∆| < 2−155
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 u2 ←
〈
xl · th + tl〉
   
 !   &    u5 ← tl ⊗ ph
   
     &   u1 + u3 ←  
(
th, ph
)
   
     &  u4 ←
〈
th · pl + u2
〉
 	       
 	  
 $    ! u6 ←
〈
u1 · xl + u5
〉
        u10 ← u3 ⊕ u4
   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  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$ u11 ← u10 ⊕ u6
   	    % sh + u9 ←  	
(
th, u1
)
 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 sl ← u11 ⊕ u9
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sh + sl =
(
th + tl
) · (1 + (ph + pl)) · (1 + xl) + ∆
  |∆| < 2−122  th) tl) ph) pl  xl    $ $   (2
 $ 
%& >$        )    ∆
   
∆ = −tlpl − tlxl − thplxl − tlphxl − tlplxl + tlphε8 + thphxlε7 + u1xlε6 +
+ xlthε5 + tlε5 + thplε4 + u2ε4 + u3ε3 + u4ε3 + u10ε2 + u6ε2 + u11ε1 + u9ε1
  εi ≤ 2−64
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  $ ∣∣tlpl∣∣ < 2−141∣∣tlxl∣∣ < 2−142∣∣thplxl∣∣ < 2−156∣∣tlphxl∣∣ < 2−156∣∣tlplxl∣∣ < 2−220
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∣∣tlphε8∣∣ < 2−141∣∣thphxlε7∣∣ < 2−156∣∣u1xlε6∣∣ < 2−156∣∣xlthε5∣∣ < 2−142∣∣tlε5∣∣ < 2−127∣∣thplε4∣∣ < 2−141
|u2ε4| < 2−127
|u3ε3| < 2−141
|u4ε3| < 2−126
|u10ε2| < 2−125
|u6ε2| < 2−140
|u11ε1| < 2−124
|u9ε1| < 2−127
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|∆| < 2−122
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